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Â ñîâðåìåííûõ êàíàëàõ ñâÿçè èñïîëüçóþòñÿ ìíîãîáèòîâûå ïî-
ñëåäîâàòåëüíîñòè, êîòîðûå ìîæíî èíòåðïðåòèðîâàòü êàê ýëåìåíòû
êîíå÷íûõ ïîëåé õàðàêòåðèñòèêè äâà, ïîýòîìó âàæíîé çàäà÷åé ñòà-
íîâèòñÿ èñïîëüçîâàíèå ìíîãî÷ëåíîâ áîëüøèõ ñòåïåíåé, çàäàþùèõ
ýòè ïîëÿ. Âû÷èñëåíèå ýëåìåíòîâ íåïðèâîäèìûõ ìíîãî÷ëåíîâ òàê æå
íåîáõîäèìû äëÿ ðåøåíèÿ êâàäðàòíûõ óðàâíåíèé â êîíå÷íûõ ïîëÿõ
õàðàêòåðèñòèêè äâà, ÷òî íàøëî ïðèìåíåíèå â ýëëèïòè÷åñêîé êðèï-
òîãðàôèè: ýòî ïîçâîëÿåò â 2 ðàçà óìåíüøèòü êîëè÷åñòâî áèò äëÿ
õðàíåíèÿ òî÷åê ýëëèïòè÷åñêîé êðèâîé.

Ðàçëè÷àþò ïîíÿòèÿ àáñîëþòíîãî è îòíîñèòåëüíîãî ñëåäà ýëåìåí-
òà ïîëÿ.

Â ïðîèçâîëüíîì ïîëå GF (p) ôîðìóëà áóäåò âûãëÿäåòü ñëåäóþ-
ùèì îáðàçîì: q = pn => Tr(z) = z + zp + zp2

+ . . . + zpn−1 .
Tr(z) ∈ GF (p) è ìîæåò ïðèíèìàòü çíà÷åíèÿ 0, 1, . . . , p− 1.
Åñëè ïîëå GF (qm) ÿâëÿåòñÿ ðàñøèðåíèåì ïîëÿ GF (q), òî ðå÷ü

óæå èäåò î âû÷èñëåíèè îòíîñèòåëüíîãî ñëåäà ýëåìåíòà ïîëÿ GF (qm).
Èçâåñòíî, ÷òî îòíîñèòåëüíûé ñëåä - åäèíñòâåííàÿ ëèíåéíàÿ îïåðà-
öèÿ, îòîáðàæàþùàÿ ýëåìåíòû ïîëÿ F â ýëåìåíòû ïîëÿ K, îáëàäàþ-
ùàÿ ñâîéñòâàìè èäåìïîòåíòíîñòè, êîììóòàòèâíîñòè, àññîöèàòèâíî-
ñòè è äèñòðèáóòèâíîñòè [1].

Äëÿ ðåøåíèÿ óðàâíåíèÿ x2 +x = z â ïîëÿõ GF (2n) ïðè íå÷åòíîì
n èñïîëüçóåòñÿ òàê íàçûâàåìàÿ ôîðìóëà ïîëóñëåäà:

Sr(z) = x = z + z4 + z16 + . . . + z2n−1 ; ïðè÷¼ì z2n

= z.
Óòâåðæäåíèå 1. Ôîðìóëà ïîëóñëåäà äàåò ðåøåíèå êâàäðàòíîãî
óðàâíåíèå ñ íóëåâûì ñëåäîì â ïîëå GF (2n), ãäå n íå÷åòíîå.

Â êíèãå [2] âû÷èñëåíèå ðåøåíèÿ êâàäðàòíîãî óðàâíåíèÿ â ïîëÿõ
GF (2n), ãäå n ÷åòíîå, ñâîäèòñÿ ê ñèñòåìå ëèíåéíûõ óðàâíåíèé.

Îäíàêî íà îñíîâàíèè èññëåäîâàíèé ìîæíî ñôîðìóëèðîâàòü ñëå-
äóþùåå óòâåðæäåíèå.
Óòâåðæäåíèå 2. Ïðè ÷åòíîì n íå ñóùåñòâóåò ìíîãî÷ëåíà âèäà,
äàþùåãî ðåøåíèå êâàäðàòíîãî óðàâíåíèÿ z2 + z = a.



Â ìíîãî÷ëåíàõ ÷åòíûõ ñòåïåíåé ïîÿâÿòñÿ äâå ñòåïåíè ïîäðÿä, ïî-
ýòîìó ïðè ñëîæåíèè z+z2 íåêîòîðûå ïîçèöèè ñîêðàòÿòñÿ è íå äàäóò
ïîëíîé ôîðìóëû, àíàëîãè÷íîé äëÿ ìíîãî÷ëåíîâ íå÷åòíîé ñòåïåíè.

Ìîæíî ñòàâèòü çàäà÷ó êàê ïîèñê ìíîãî÷ëåíà, êîðåíü êîòîðîãî
ÿâëÿåòñÿ ðåøåíèåì êâàäðàòíîãî óðàâíåíèÿ z2 +z â ïîëå GF (2n), ãäå
n ÷åòíîå.

Äëÿ ïîèñêà ðåøåíèÿ óðàâíåíèÿ áîëüøèõ ñòåïåíåé ìîæíî èñïîëü-
çîâàòü èäåþ ðàñøèðåíèÿ ïîëåé: çíàÿ ôîðìóëó ðåøåíèÿ êâàäðàòíîãî
óðàâíåíèÿ â ïîëÿõ GF (2n), ãäå n íå÷åòíî, è, çíàÿ ôîðìóëó ðåøå-
íèÿ ýòîãî óðàâíåíèÿ â ïîëÿõ GF (2k), ìû ñìîæåì íàéòè ôîðìóëó
ðåøåíèÿ â ïîëå GF (2nk), k = 2, 4, 8, 16, ... (ñì. ðèñ. 1).

Ðèñ. 1: Ñõåìà ðàñøèðåíèÿ ïîëåé

Ðåøåíèå êâàäðàòíîãî óðàâíåíèÿ ïðè ÷åòíîì n ìîæíî âûðàçèòü
ñëåäóþùèì îáðàçîì:

z ∈ GF (2n) ⇐⇒ z = x + αy, x, y ∈ GF (2n)
Tr(z) = z +z2 +z4 + . . .+z22n−1

= (z +z4 +z16 +z22n−2
+(z2 +z8 +

. . . + z22n−1
) = (x + x2 + . . . + x2n−1

) + α(y + y4 + y16 + . . . + y2n−1
) +

α2(y2 + y8 + y32 + . . . + y2n

).
z2 + z + z1 =⇒ (x2 + α2y2) + (x + αy) + (x1 + αy1), ãäå α2 = α + 1.
(x2 + x + y2) + α(y2 + y) = x1 + αy1.
Îòñþäà ñëåäóåò: {

Tr(y1) = 0,

T r(x1 + y2) = 0.



Ïðè n íå÷åòíîì Tr(Sr(a)) = 0, åñëè Tr(a) = 0.
Îäíî èç ðåøåíèé ïðè óñëîâèè, åñëè Tr(x1) = 0:
y = Sr(y1) = y1 + y4

1 + y16
1 + . . . + y2n−1

1 .
y2 = [Sr(y1)]2 = y2

1 + y8
1 + y32

1 + . . . + y2n−2

1 + y2n

= y1 + y2
1 + y8

1 +
y32
1 + . . . + y2n−2

1 .
Ñëîæèâ ýòè âûðàæåíèÿ, ïîëó÷èì: y + y2 = y1 = Tr(y1) + y1 =⇒

Tr(y1) = 0.
Åñëè Tr(x1) = 1, òî
Tr(x1 + y2) = Tr(x1) + Tr(y2) = Tr(x1) + Tr(y) = Tr(x1), ÷òî

ïðîòèâîðå÷èò íà÷àëüíûì óòâåðæäåíèÿì.
Ïîýòîìó óñëîâèÿ òàêîâû: Tr(x1) = Tr(y1) = 0, à ôîðìóëà - òàêî-

âà:
{

y = Sr(y1) + Tr(x1),

x = Sr(x1 + y2) = Sr(x1) + Sr(y2
1) = Sr(x1) + Tr(x1) + Sr(y2

1).

Íî íàñ èíòåðåñóåò óíèâåðñàëüíàÿ ôîðìóëà äëÿ íàõîæäåíèÿ êîð-
íÿ êâàäðàòíîãî óðàâíåíèÿ äëÿ ìíîãî÷ëåíîâ êàê íå÷åòíîé, òàê è ÷åò-
íîé ñòåïåíè. Òàêèì îáðàçîì, âîçíèêàåò âîïðîñ âûáîðà áàçèñà.

Íà îñíîâàíèè ïðîâåäåííûõ èññëåäîâàíèé ìîæíî ñêàçàòü, ÷òî íà-
äî âûáèðàòü áàçèñ GF (2s), s = 2k ÷åðåç ñèììåòðè÷íûé, èëè ñàìîâîç-
âðàòíûé ìíîãî÷ëåí. Ýòî ñâÿçàíî ñ òåì, ÷òî íîðìàëüíûé áàçèñ ïðè
ïîñëåäîâàòåëüíîì âîçâåäåíèè â ñòåïåíü ñîçäàåò öèêë, ÷òî óïðîùàåò
ðàñ÷åòû.

Â çàêëþ÷åíèè ìîæíî ñäåëàòü âûâîä, ÷òî òàêàÿ ïðîöåäóðà ðåøå-
íèÿ êâàäðàòíûõ óðàâíåíèé ÿâëÿåòñÿ î÷åíü ýôôåêòèâíîé è ñîêðàùà-
åò âðåìåííûå çàòðàòû íà âû÷èñëåíèÿ.
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